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Scaled Euler Equations

BAD + 33925 =0 where 0<z<1+an(z,y,t))
0.0 =0 at the bottom z=20

9+ 5 (a|Vel* + §10:6%) +n =0
om+aVe-Vn— 50:¢0 =0

©on the free surface z =1+ an(x,y,t).

Scaling: =,y by A

z by ho
A
t by
v gho
n bya

g

¢ by a\, |/—

\ ho
where g is the gravity constant
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Two-dimensional Euler Equations

B02¢ +0°¢ =0 where 0<z<1+an(z,t)
0.0 =0 at the bottom z=20

o+ 3 (192l + i%|azqs|2) +n=0
Otn + adz @ - Oxm — Baz(b =0

on the free surface z = 1 4 an(x,t).

Scaling: =« by A

z by hg
A
t by
vV gho
n by a

g

by a\,[—

y ’/ho
where ¢ is the gravity constant
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Consider the Boussinesg régime where

o a2

:—:—N]_,

B  hE
and for convenience, suppose S = 1. Let
2
a ho

€E — ——

ho A2



Two-dimensional Euler Equations

€°p+0°¢ =0 where 0<z<1+en(z,t)
0.0 =0 at the bottom z=20

0p + 5 (eldd|® + 10:01%) +1n =0
Oy + €0z pOen — £02¢ = 0O

on the free surface z = 1 4+ en(x, t).

Scaling: = by )\

z by hg
A
t by
vV gho
n by a

g

by a\,|—

¢ Y a ’/ho
where ¢ is the gravity constant
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The two-dimensional Euler equations may be
simplified by a formal expansion of the velocity
potential, viz.

o0

o(x,2,t) = Y dmlx, )™

m=0
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Demanding Laplace’'s equation holds in the flow
domain, and that there is no flow through the
bottom vields the much simpler expression

2m

— S m a2m m_~
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Putting this relation into the free-surface con-
ditions and truncating at first order in € vields
the system

oru + Ozm + eudru = 0(62)

1
o + Ozu + € (c%(nu) + gagu) = 0(e?)

where u = u(x,t) is the horizontal velocity field
at the bottom, u = 9;¢(x,0,1).
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In the terms of uy, the Boussinesq system
becomes, to order e,

Orug + Ozn + € (’LL@&I;UQ — (1 - 92)@%@“9) = O(e?),

62 1
Om + Ozug + € <3x(nu@) + (2 — 6) a§u9> = 0(?).



One may use the lowest-order relations

Orug = —0zn + O(e)
orn = —0zug + O(e)
to systematically alter the dispersive terms,

thereby reaching the even more complicated
looking system

1 — 62
OL02ug+

1
drug + dum + € (§3x|ue|2_ (1-p)

1 — 92
2

+ 8§n> = O(e?)
02 1\ .3
ot + Ozug + €| 0z(nug) + X - "5 0y ugp+

1 62

+ -0 (3= %) Bom) =06



Two-dimensional Boussinesq Systems
(negligable variation in the y-direction)

n: + uz + e(un)z + e(auzzr — bNat)
Ut + Nx + euug + G(Cnx:c:c — du:m:t)

1 1
where a — (92 — —) A

T3
. 2
b = %(9 -3) =
c = 5(1—92),“
1= S(1-6)-p

0<H<1,A\ucR

a—l—b—l—c—l—dZ%
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The fully three-dimensional version of these
systems have the form

1
%+WM%%(§WVF+@VAn—MﬂO::O
YV A+ e(V- (V) 4+ cAVV — dAng) = 0

1 — 62 1— 62
where = b = 1 —
a 5 M 5 (1 —p)
92_l 92_1
cC = 3)\ d: 3(1—)\)
2 2

and 0€[0,1,\,p e Rand V(z,y,t) = (u(z,y,t),v(z,y,t))
is the horizontal velocity field at the depth 6.
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coupled KdV system:
1

1
Ut + Mx + uug + gnxa;x =0

regularized Boussinesq system:

(coupled BBM system):

1
e + ux + (un)z — gt = 0

1
ur + Nz + vy — g Ut = 0
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Boussinesq’s 'original’ system:
Mt + Uz + (w?);c

Ut + Mx + UUgr — Uyt

Kaup system:

1
Tt + ug + (’Uﬂ?)x + guacxaz
ut + Nz + Uy



W N

Mathematical & Physical Criteria

Well-posed
linearly, nonlinearly locally, globally
Preserves ‘Energy’
Has Solitary Waves
existence, stability and resolution into
solitary waves
Comparison with the Euler equation
on Boussinesq time scale
Qualitative & Quantitative agreement with Experiments

in the lat

ps

woratory and with field observations
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Comparisons Between Models
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Comparison Time Scales

Over what time scales can we possibly expect
the Boussinesqg equations to faithfully approxi-
mate solutions of the Euler equations? Exam-

ple:

ut + ug 0,
Ut _I_ Uy _I_ € Oa
u(z,0) =v(z,0) = o(x).
The solutions of these problems are, respec-
tively,

u(x,t)
v(x,t)

Q5(33 T t>7
o(x —t) 4 te.
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The difference between the two solutions is
exactly

lu(, ) —v(-, | = et.

So, on the time scale

To = O(1),

w IS 2@ good approximation of v, whereas on the

time scale
1
€

u NO longer approximates v.
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The time-scale 1 is the time scale over which
one might as well use the linear wave equation.

Whereas the much longer time scale T, called
the Boussinesq time scale, is the temporal in-
terval over which nonlinear and dispersive ef-
fects cannot be ignored if one wants to main-
tain approximation to order e.
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By formal analogy, we might expect that the
Boussines system can provide a good approxi-
mation of solutions of the full Euler equations
on the Boussinesq time scale

n=o(?)

But, on the yet longer time scale

1
TQZO(—Q),

€
this would no longer be guaranteed..
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Linear Euler Equations

eNp+ 02 =0 where 0<z<1
0. =0 at the bottom 2z=20

oo +n=20
O — %aqu =0

Cross differentiating, it is seen that

}on the surface 2z=1

1
¢tt + Z¢z =0

at z = 1. The variable n has been eliminated.
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The outcome of simple estimates in Fourier
transformed variables is the following inequal-
ity, which is sharp in its dependence upon t and
the parameter e.

Let (ng,Up) € HS(R™) be given initial data
for the linear Euler equation, n = 1,2. Let
{(ne, Ue) }o<e<e, e the solution of the linear
Euler equations with (ng,Up) as initial data.
Let > (ng,Up) be the associated inital data for
one of the well-posed linear Boussinesq Sys-
tems and let {(ue, Ve) Jo<e<e, D€ the associated
solutions of the Boussinesqg system.
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If we define (7, Uc) by

(7767 Ue) — Z_l(,uea V6>>
then for any t € [O,%],

Supogsgtllne(wé") — e (-, 8)” — C'16275

and similarly,

SupOSSSt‘lUE('a*S) — U€(°7S>H — 02€2t7

where C71 and (> depend only the inital data
and are bounded on bounded subsets of the
initial data.
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Scaled Euler Equations

eNd+ 026 =0 where 0<z<1+en(z,y,t)
0.0 =0 at the bottom 2z=20

%0 + 5 (I Ve|* +10:¢1%) + 1 =0

on z = l14en(x,y,t)
O + €V Vi — 020 =0 }

2
where e = ;- and S =9 =1,
0 h3
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Theorem (Alazman, Albert, Alvarez, Chen,
Chen, Colin, Lannes, Saut, Wu) Let {(7¢, Ue) }o<e<1
be a one parameter familiy of solutions of the
scaled Euler equations, corresponding to given
initial data (ng,Up) lying in HS(R™)"T1 n =
1,2.

Let > connote the mapping that takes Euler

data into the associated data for one of the
well-posed Boussinesq systems and let {(ue, Ve) Jo<e<1
be the solution of the associated Boussinesq
system with initial data X(ng, Up).
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Then, these solutions exist over the time scale

1
T].:O(_>7
€

uniformly for e € (0,1]. Moreover, if

(e, Ue) = Z_l(:uE?V:E)a
then for 0 <t < 1,

SUPOgsgt{H"?e('a 3) — ﬁe(', S)H +
[Ue(-ys) = TUe(,8)|} < Ce?t,

where C depends only upon the norm of the
inital data.
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Firocure 10, Water surface level at the wave maker.
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Rogue Waves
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= Concurrence

= Statistical theory for wave amplitude

= \Wave — current interaction

= Topographical forcing
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Examples
Of
Sand Bars
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Laboratory
Experiments
(sand bar formation)
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Flow chart for the integration of the mathematical model

Initial bed topography

: Surface hydrodynamics
Incident waves

Velocity field in
the bulk of the fluid

Sediment
data

Boundary layer flow

.

Sediment flux

v

Bed deformation
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VERTICAL
EXAGGERATION
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Figure 3. Comparison of experimental data (the ©%)
ond numerical integration of the model (25),
for Stokes humber 4.5.
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FIGURE 1. A solitary wave foll@ved by a dispersive tail.
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Comparison of experiments, Unidirectional, bidirectional models
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