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Morning Glory Wave

» Modelling of Goler & Reeder
(2004).
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Resonant interactions of long waves

» Goler & Reeder (2004) suggest dynamics of internal waves
effected by environmental shear flow, Cape York topography.
» Consider long, internal wave modes:
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kh < 1;

Boussinesq approximation;

Isopycnal displacement ¢, s.t. p= p(z —(); B
Buoyancy (or Brunt-Vaiisala) frequency: N? = —%;

Mean environmental shear i(z).
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Resonant interactions of three-layer shears
» For a piecewise constant three-layer shear
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obtain regular and singular resonances:
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Resonant interactions of three-layer shears

» For a piecewise continuous three-layer linear shear

Uf + iz n
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obtain regular resonances:

H1=0.1, H3=0.3, U0=0, U1=-0.2, U2=0, V12=0.24, v23=0.35
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Long, weakly-nonlinear internal waves, b = 0

» Assume nonlinearity a/h = O(e), and dispersion kh = O(u),
for quasi-steady waves.

» Long, weakly nonlinear approximation € = u? < 1, Boussinesq
— 1
approximation Nh < (gh)?2

» Introduce:

z=hz, x=p"th, t=p tN71F
C=cehl, u=Nh(a(2)+eu(%,2,7)).



Resonant interaction with topography

» Assume particular wave mode approximately stationary, such
that
u= g+ GA,

where

(T502)z + N?¢ =0,
¢p=0o0nz=0,1.
> Assume small-amplitude topography, and slow variation
b=€’b(x), T=et,

and
¢ =A(x,7)o(z) + EC(2) +...

» Amplitude now satisfies forced KdV (fKdV) equation:

Ar 4+ DA+ Ax + rAAL + SAux = —7fx.



Resonant interaction with topography, solitary waves
Camassa & Wu (1991) considered analytical and numerical
stability of solitary wave solutions of fKdV equation:




Resonant interactions between long waves, b = 0

» Consider case of two resonant modes, such that have ¢,
where

[(ﬁ —C F ec)2 (‘bn,m)z]z + N2¢n7m =0,
¢nm=00nz=0,1.
» Now assume

0 =x—cot, T =ce€t, C(O = A(x,T)pn(2) + B(x,T)pm(2).

» Since ¢, and ¢, are orthogonal, can now obtain the coupled
KdV equations (Grimshaw, 2013):

Ar + (cAg + MAgg + 0Bgo + 111A* + 1 B? + 21,AB) ) = 0,
B- + (—CB@ + Mo Bpy + 0Apg + ,uzBZ + V2A2 + 2y1AB)9 =0,

where coefficients are dependent on integrals of NZ, (T — ),

¢n and Pp.



Resonant interactions between long waves and topography
» To leading order, assume:
T=¢t, b= eB(x), 0= g+ e,
¢ = A(x, 7)¢n(2) + B(x, 7)m(2),
such that:
[(L_Io Fec) (gbn,m)z]z+N2¢n7m =0, ¢pm=0 on z=0,1

» Hence can show that compatibility condition at O(e?) is that
amplitudes satisfy coupled fKdV equations:

A+ ((A+ c)A+ MA«
+0Bu + 1A + 11B% + 20, AB) = —71by,

B: + ((A — ¢)B + 0Axx + A\2Bxx
+1pA% + 2 B® + 211 AB) = —72by.



Resonant interactions between long waves and topography

» Rescaling, can assume ¢ = 1 and canonical form is:
Ar + (A4 1)A+ MA«
+0 By + MlAz + VlB2 + 2V2AB)X = —Y1bx,

B+ ((A—1)B+ 0Ax + A2Bux
+1oA? + 12B% + 201 AB) = —2by.

» System has Hamiltonian and momentum:
1 1
H(A, B) :/ [—2(A +1)A% — §(A —1)B2 — y1Ab — y2Bb

1 1
+ S MAZ + 0AB + §A2B§

2
1 3 2 2 1 3
_§M1A — 1A°B — 11 AB” — 5#23 dx,

P(A,B) = / [A% + B dx.



Resonant interactions between long waves and topography
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Resonant interactions between long waves and topography
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AITEM for coupled solitary waves (Yang, 2011)

> Let
A=[AB]".

Can write the coupled equations as
At = 0xD[N] + OxN(A),

where D represents a diffusive operator and N represents the
nonlinear and forcing terms.

» Look for steady solution of the form A(x + Vt) and
integrating once and assuming |A| — 0 and |x| — oo, then

D{A} + N(A\) — VA =0.
» Treat this as a nonlinear diffusion equation
Ne = D{A} + N(A) — VA (1)
Use implicit—explicit differencing for arbitrary h:

N* = A"+ h[D{A} — c*A]* + h[N(A) — (V — c*)A]".



AITEM for coupled solitary waves (Yang, 2011)

» Hence

N =A"+ (}7/ - D) - [D{A} + N(A) — VA]",.  (2)

n+1 __ ﬂ* * * *
A = P*/\, P* = (N, \*).

» To calculate V multiply (2) by A", sum over domain and
assume A* = A", then

(MU [D{A} + N(A)J7, A7)

Let

V=
(M~=1An A"
This is equivalent to assuming
dP
— =0.
dt

> Accelerated convergence then occurs for optimal h.



AITEM for coupled solitary waves (Yang, 2011)

Allows calculation of wave-speed and growth rate:




Unsteady simulations of solitary waves

» Can write unsteady equations in form:

Ar+ (A +1)A+ MA«
+01Bu + 1A + 111 B% + 2021 AB) = 71 by,

B‘I’ + ((A - 1)B + O'2AXX + )\2BXX
+upA® + 112B% + 2U12AB) = Y2by,

and can assume 12 or 12 are arbitrary.

» Unsteady integrations performed using Linearly Implicit RK4
(Calvo et al., 2001).



Case 1: Unforced solitary waves

A1 = 0.955, A\, = 0.767, 01 = —0.005, 05 = —1.326,
M1 = U2 = 37 V11 = 0119, V12 = 3197, V21 = 0131, Vop = 35,
v = —0.0237, v, = —0.8632.
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Case 1: Unforced solitary waves
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Case 1: Unforced solitary waves
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Case 2: Forced solitary waves, by = —0.5
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Case 2: Forced solitary waves, by = —0.5
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Case 2: Forced solitary waves, by = 0.05

M=LXl=1lLo=1o0o=1yn=1ymn=-1

p1=p2 =3,v11 = 1,v10 = 1,101 = L, =1,
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Case 2: Forced solitary waves, by = 0.05

b0=0.05, P=04

max(lAl)
11 max(IBl)
1
/
0.9
08 .




Conclusions

» Resonant interactions between topography and wave modes
produce large-amplitude travelling waves.

» Are these significantly different from forced uncoupled modes?
Yet to determine.

» What forms of asymmetric solutions are possible, and where is
three-way coupling maximised?

» What is the effect of critical layers?

> Is there a simple criteria for stability of forced solitary waves?



