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Morning Glory Wave
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FIG. 1. Map of northern Australia showing Cape York Peninsula
and the Gulf of Carpentaria where the morning glories are observed.
The black lines near Burketown show the orientation of the north-
easterly morning glory, which propagates to the southwest.

at other times they take the form of a localized family
of discrete amplitude-ordered solitary waves (see, e.g.,
Christie 1992).
A number of mechanisms have been proposed for the

generation of northeasterly morning glories. The earliest
idea, due to Clarke et al. (1981), was that the east-coast
sea breeze of the previous day excites a disturbance
when it meets the low-level nocturnal jet or maritime
inversion over the gulf and surrounding region. Another
idea proposed was that the collision of the east- and
west-coast sea breezes forms a bore that subsequently
evolves into a series of amplitude-ordered solitary
waves (e.g., Clarke 1984; Noonan and Smith 1986).
Recently, Porter and Smyth (2002) have modeled the
morning glory as a two-layer flow over topography and
have suggested that the disturbance forms through the
resonant interaction of the west-coast sea breeze and the
topography. The central aim of the present study is to
clarify the mechanism by which morning glories are
generated, through a series of very high resolution nu-
merical modeling experiments.
Previous numerical modeling studies of the morning

glory can be divided into two groups. The first group
of studies explicitly model the development and sub-
sequent collision of the east- and west-coast sea breezes.
Studies in this group include Clarke (1984), Noonan
and Smith (1986, 1987), and Smith and Noonan (1998).
Numerical experiments of this kind have produced
broad-scale propagating convergence lines rather than
realistic morning glory wave disturbances as the models
employed have been hydrostatic and have had relatively
coarse resolution (;10 km). Nonetheless, these studies
have provided great insight into the large-scale pro-
cesses affecting the the formation of the morning glory.
The present study also models the development of two
opposing sea breezes, but at much higher resolution than
previous studies, and examines the generation of real-
istic morning glory disturbances.
The second group treats the east-coast sea breeze as

an idealized gravity current and models the disturbances

that develop as the gravity current encounters an im-
posed stable layer. Studies of this type include those by
Crook and Miller (1985), Crook (1986, 1988), Haase
and Smith (1991), and Skyllingstad (1991). However,
when there is an environmental flow present, there are
important differences between idealized gravity currents
produced by an imposed source of cold air and sea
breezes produced by differential heating between the
land and sea. For example, when a gravity current, pro-
duced by a cold pool stationary relative to the ground,
is opposed by a uniform environmental flow, the depth
of the gravity current increases (e.g., Liu and Moncrieff
1996). Conversely, sea breezes are shallow when an
opposing environmental flow is imposed (e.g., Goler
2004 and numerical experiments described herein).
Both Clarke (1984) and Noonan and Smith (1986)

conducted experiments that included the orography of
Cape York Peninsula and compared them to the case of
a flat peninsula. Noonan and Smith found that with orog-
raphy included, the sea breezes meet earlier and farther
inland from the west coast. In contrast, Clarke did not
find such a change when orography was included. This
study examines the sea breeze changes when orography
is included and seeks to determine whether or not this
affects the formation of the morning glory.
The paper is structured as follows. Section 2 describes

the numerical model, and the boundary and initial con-
ditions. Section 3 presents the results of the numerical
experiments and examines the conditions under which
the morning glory develops. Section 4 considers the
effect of orography on the morning glory. Finally, some
conclusions are drawn in section 5.

2. The model
The numerical model used in the present study was

originally described in detail by Clark (1977). The mod-
el is nonhydrostatic, anelastic, and the finite difference
approximations are second order in both space and time.
The model includes a parameterization of subgrid-scale
mixing (Lilly 1962; Smagorinsky 1963), but in its cur-
rent configuration neglects, for simplicity, moist pro-
cesses and the Coriolis effect. An idealized represen-
tation of orography is used in one model experiment.
To help focus on the fundamental dynamics of the

morning glory, all the model calculations presented here
are two-dimensional. In these calculations the horizontal
grid spacing is 200 m, and there are 60 unevenly spaced
levels in the vertical, with the lowest level at 2 m and
the highest level at 15 km. Figure 2 shows the variation
of the vertical grid spacing Dz with height z. The up-
permost 4 km (10 levels) of the domain incorporates a
Rayleigh friction absorber. For all but one of the ex-
periments, the model domain is 640 km wide, with a
strip of land 440 km wide located between two 100-
km-wide bodies of water. The other experiment is
400 km wide with a 200-km-wide land mass. The aero-
dynamic roughness length of the land is specified as

I Modelling of Goler & Reeder
(2004).
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FIG. 12. Experiment with no environmental flow. (top) The sea breezes at 2210 LST, 7 min
prior to meeting. (middle) The elevation of cold air by the collision of the sea breezes. (bottom)
Westward-propagating waves 1.75 h after the collision.

km and the diurnal cycle on the eastern is advanced of
that on the western side. Seven minutes later, the two
sea breezes collide, forcing cold air to rise up to 2 km
(Fig. 12b). The collision generates an eastward- and a
westward-propagating solitary wave with amplitudes of
about 1200 m. A bore, the leading edge of which sub-
sequently separates into a series of solitary waves, fol-
lows the initial disturbance. The generation of these
waves appears to be similar to waves generated from

finite amplitude disturbances discussed in Christie
(1989). The westward-propagating solitary wave at
0000 LST is shown in Fig. 12c, which is around 1.75
h after the collision. At this time the initial solitary wave
is located at x 5 282 km, and solitary waves have
formed at the leading edge of the bore, located at
x 5 291 km. This separation continues, and some 4 h
after the sea breeze collision there are around 11 west-
ward- (and eastward-) propagating wave crests. The am-



Resonant interactions of long waves
I Goler & Reeder (2004) suggest dynamics of internal waves

effected by environmental shear flow, Cape York topography.
I Consider long, internal wave modes:

I kh� 1;
I Boussinesq approximation;
I Isopycnal displacement ζ, s.t. ρ̄ = ρ̄(z − ζ);

I Buoyancy (or Brunt–Väisälä) frequency: N2 = −g ρ̄z
ρ

;

I Mean environmental shear ū(z).



Resonant interactions of three-layer shears
I For a piecewise constant three-layer shear

Chapter 3

Resonant interactions in a
three-layer fluid with bottom
topography

3.1 A system of coupled fKdV equations for a three-
layer fluid with velocity jumps across interfaces
and bottom topography

3.1.1 Exact form of eigenfunctions

0

Figure 3.1: Flow considered in this derivation. H1,H2 and H3 are heights of each
layer, U1,U2 and U3 are velocities and ⇢1,⇢2,⇢3 such that ⇢1 > ⇢2 > ⇢3 are densi-
ties.

The configuration we consider is schematically shown in Figure 3.1. Since it is
assumed that the potential temperatures are constant in each layer, in each layer
N (z)2 is zero and for any given c solution to equation (2.35) has the following
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obtain regular and singular resonances:
H1=0.06, H3=0.64, U1=0.041, U2=0.049, V12=0.1, v23=0.73
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Resonant interactions of three-layer shears
I For a piecewise continuous three-layer linear shear
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Figure 4.4: Coe�cients in the vicinity of the bottom right kissing point K2 where

U3 = 0.671. Here U3 2 [0.634,0.728].
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⇤
3 are base velocities, ⇢1,⇢2,⇢3 are densities and ⌦1,⌦2,⌦3 are con-

stant shears.

Then the shears can be expressed as follows

⌦1 =
U ⇤1 �U0

H1
, ⌦2 =

U2 �U ⇤1
H2

, ⌦3 =
U3 �U2

H3
, (4.10)
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obtain regular resonances:
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Long, weakly-nonlinear internal waves, b ≡ 0

I Assume nonlinearity a/h = O(ε), and dispersion kh = O(µ),
for quasi-steady waves.

I Long, weakly nonlinear approximation ε = µ2 � 1, Boussinesq

approximation N̄h� (gh)
1
2

I Introduce:

z = hẑ , x = µ−1hx̂ , t = µ−1N̄−1t̂, N = N̄N̂,

ζ = εhζ̂, u = N̄h(ū(ẑ) + εu(x̂ , ẑ , t̂)).



Resonant interaction with topography

I Assume particular wave mode approximately stationary, such
that

ū = ū0 + ε∆,

where
(ū20φz)z + N2φ = 0,

φ = 0 on z = 0, 1.

I Assume small-amplitude topography, and slow variation

b = ε2b̂(x), τ = εt,

and
ζ = A(x , τ)φ(z) + εζ(2) + . . .

I Amplitude now satisfies forced KdV (fKdV) equation:

Aτ + ∆Ax + Ax + rAAx + sAxxx = −γfx .



Resonant interaction with topography, solitary waves
Camassa & Wu (1991) considered analytical and numerical
stability of solitary wave solutions of fKdV equation:Stability of forced steady solitary waves 451 
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Figure 8. (a) Generation of the second (stable) stationary wave s for forcing (i), at ,u = 3 
(F = 1.045, k = 0.3), with the zero initial condition ~(x,0) = 0(y(x,0) = -Q(x)), and computed 
with Ax = 0. 1, At = 0.05, using the implicit code. (b) The corresponding wave-resistance coefficient 
against time. 
Figure 9. (a) The evolution of the stationary solution QS(x) for forcing (i) at /t = 0 (F = 1) showing 
the incipient emission of upstream-advancing solitary waves delayed with the initial condition 
~(x,0) = 0.4Qs(x) as compared with the case shown in figure 6 for the rest initial state, the other 
parameters being the same. (b) The regular oscillation of the wave-resistance coefficient CR(t), with 
period Tr = 6.5, is unaffected by the emission of solitary waves. 

the stable Css state about the centre of forcing, after having radiated some initial 
disturbances downstream. This asymptotic state of ?s is reaffirmed by the 
corresponding CR(t), which as shown in figure 8b has an initial positive hump 
signifying energy absorption from the forcing, and then settles to zero for the 
remaining three-quarters of the time range computed. This trend seems to continue 
for 3 < jt < 4, (but not too close to It = 4 at which cRr = 0), especially if the rest state 
is chosen as the initial condition. This is physically clear since the amplitude of ?ss 
tends to zero as ,t--u4 (see (6.15)), hence the rest state becomes merely a small 
perturbation. 

(b) In the periodical bifurcating regime where the periodic upstream emission of 
solitary waves can occur, the nonlinear effects have a significant influence on the 
incipient emission time, Te; the smaller the initial departure from the stationary 
response Cs, the longer the local fluctuation (incubation) will last before the first 
solitary wave becomes mature and emitted. After this incipient emission, the regular 
sequential emissions will then ensue. These salient features of the process are first 
illustrated in figure 9 for It = 0 (F = 1) with initial condition ((x, 0) = 0.4AC(x), (a? = 
0.4Q0(0)). In this case, the first emission is timed at about t = Te= 800 (T = Tek3), 
near the fourth peak of CR(t), while CR(t) oscillates regularly, apparently unaffected 
by the emission, with period Tr = 6.5, whereas the period of emission of solitons is 
Ts= 14.6. 

(c) If the initial condition is zero perturbation (11(x, 0) _ 0, or C(x, 0) = s(x), 
&? = 4) for ,u slightly less than 4, the very slow rate of growth prevailing here for C and 
the minute departures of ( from ?s (attributable only to numerical errors) makes 
numerical efforts prohibitive to reach the transient and terminal flow states. 
Nevertheless, the variations in the wave-resistance coefficient, CR, are found to 
Phil. Trans. R. Soc. Lond. A (1991) 
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Figure 11. (a) The evolution of the stationary solution C8(x) for forcing (i) at ju s = 3 (F = 1.045,hth 
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correlate very closely with the corresponding eigenvalue og = i 0r(I)t ?iF (,wt). For 
example, at ,u = 0, figure lOa shows that the resulting wave has varied from us(x) 
merely by 2 % in amplitude by the time t = 800, which is in accord with the estimate 
based on ?r(?) = 6.84 x 10-4. With the time scaled by (3.3), it would require a time 
of order o(105) at ik = 0.3 to show an appreciable effect of 0(1). However, the wave 
resistance coefficient in figure lOb exhibits a regular oscillation of period 

Tr =k3Tnum ~5.75, (7.3) 

though with a very small amplitude (ca. 5 x 1005). 
(d) The nonlinear effects on the period CR(t) oscillations, Tl, compared with that 

on the soliton emission period, c, and that on the incipient emission time, and are 
relatively weak. It has been found that the period Tr is invariably somewhat reduced 
with decreasing strength of emission as measured by the net variation in the wave- 
resistance coefficient, ACR = tRmaxi-Rmin (which is correlated with the amplitude 
of the waves emitted). For the case of nn = 0, we have Ts = 7.9, 6.5, 5.75 against 
(aCR) x 104 = 53, 37, 0.55, respectively, as shown in figures 6, 9, and 10. It is of 
interest to note that in the small limit Of ACR, the period of CR variation becomes in 
good agreement with the period predicted by the imaginary part of the eigenvalue 
(oorev rm(6) = 1.144 at k s = 0, see figure ilb) 

Tr = 2/ev = 5.494. (7.4) 

This result can be further improved by using a smaller i, or by using the original 
fKdV model (to replace the rfXdV equation used here), as shown by Camassa (1990). 
Phil. Travese. R. Soc. Lond. A (1991) 
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Figure 13. (a) The evolution of the stationary solution Cs(x) for forcing (i) at ,u = 6.6 (F = 1.1, 
k = 0.3) with the zero initial condition ~(x, 0) = 0, with the same numerical procedure as before, 
showing the bifurcation through transitional modes to the stable stationary wave Css(x) after 
radiating downstream a train of dispersive waves. (b) The corresponding wave-resistance coefficient 
CR(t) exhibits no periodic behaviour, its small negative asymptote being of a numerical origin. 
Figure 14. (a) A variation of the case shown in figure 13, here with the initial condition ((x, 0) = 
1.1 Cs(x) at ,u = 6.6 (F = 1.1, k = 0.3), the other parameters being the same. With this slightly 
stronger initial perturbation, the result shows the bifurcation of CS(x) through transitional modes 
to the stable state ss~(x) after the upstream emission of a single solitary wave. (b) The corresponding 
wave-resistance coefficient increases to a peak and then falls off to zero. 

after the initial transient. (The negative, but small, asymptotic value reached by CR 
is seen to be of a numerical origin, since it is halved as the spatial grid is halved, and 
is partly due to the finite difference scheme for the regularized fKdV model being not 
exactly in accord with its equivalent for the original fKidV, see Appendix C.) 

This general feature of solution in the aperiodical bifurcating regime of 4 < ,u < 9 is 
in sharp contrast with that in the range ju < 2, see figure 6 for the case ju= 0 and 
figure 7 for ,u = 2 where the periodic upstream emission of solitary waves manifests 
and the CR exhibits a periodic behaviour in time, a trend which continues to ,u = 3 
as reported above. This new stationary state is the stable steady wave Cs of (2.1), as 
can be verified by comparing its terminal value of amplitude ca. 0.66gs() (figure 13) 
with that of the Cs solution at ,u = 6.6, which is ca. 0.64Cs(0), on the bifurcation curve 
(figure 5) that bifurcates from ju = 9. The instability Of Cs associated with the real 
eigenvalue C~ = 0.23 at ju = 6.6 (figure 1) manifests itself during the non-dimensional 
time to t = 600, which is about the time limit chosen for the computation and at 
which time the resulting wave emerges to be about fully developed. 

To further pursue this point concerning the nonlinear effects, we choose to magnify 
the perturbation by increasing the initial wave amplitude by 10% rather than 
extending the time limit, and the result for ,t = 6.6, ~(x,0) = 1.1Cs(x) is shown in 
figure 14. There are two remarkable features in the result: (i) the perturbed 
stationary wave first exhibits instability through emitting a single upstream- 
advancing solitary wave, and (ii) the remaining wave in a broadening region centred 
at the origin of forcing decays to the stable, stationary wave after emitting the 
upstream wave and some downstream radiation, the latter being dispersive waves 
moving with a suberitical speed to the right. Radiation of these waves renders CR to 
rise in a hump before falling off to zero, signifying that the fluid system absorbs 
Phil. Trans. R. Soc. Lontd. A (1991) 



Resonant interactions between long waves, b ≡ 0

I Consider case of two resonant modes, such that have φn,m
where [

(ū − c0 ∓ εc)2 (φn,m)z
]
z

+ N2φn,m = 0,

φn,m = 0 on z = 0, 1.

I Now assume

θ = x − c0t, τ = εt, ζ(0 = A(x , τ)φn(z) + B(x , τ)φm(z).

I Since φn and φm are orthogonal, can now obtain the coupled
KdV equations (Grimshaw, 2013):

Aτ +
(
cAθ + λ1Aθθ + σBθθ + µ1A

2 + ν1B
2 + 2ν2AB

)
θ

= 0,

Bτ +
(
−cBθ + λ2Bθθ + σAθθ + µ2B

2 + ν2A
2 + 2ν1AB

)
θ

= 0,

where coefficients are dependent on integrals of N2, (ū − c0),
φn and φm.



Resonant interactions between long waves and topography

I To leading order, assume:

τ = εt, b = εb̂(x), ū = ū0 + ε∆,

ζ(0) = A(x , τ)φn(z) + B(x , τ)φm(z),

such that:[
(ū0 ∓ εc) (φn,m)z

]
z

+N2φn,m = 0, φn,m = 0 on z = 0, 1.

I Hence can show that compatibility condition at O(ε2) is that
amplitudes satisfy coupled fKdV equations:

Aτ + ((∆ + c)A + λ1Axx

+σBxx + µ1A
2 + ν1B

2 + 2ν2AB
)
x

= −γ1bx ,

Bτ + ((∆− c)B + σAxx + λ2Bxx

+ν2A
2 + µ2B

2 + 2ν1AB
)
x

= −γ2bx .



Resonant interactions between long waves and topography
I Rescaling, can assume c = 1 and canonical form is:

Aτ + ((∆ + 1)A + λ1Axx

+σBxx + µ1A
2 + ν1B

2 + 2ν2AB
)
x

= −γ1bx ,

Bτ + ((∆− 1)B + σAxx + λ2Bxx

+ν2A
2 + µ2B

2 + 2ν1AB
)
x

= −γ2bx .
I System has Hamiltonian and momentum:

H(A,B) =

∫ [
−1

2
(∆ + 1)A2 − 1

2
(∆− 1)B2 − γ1Ab − γ2Bb

+
1

2
λ1A

2
x + σAxBx +

1

2
λ2B

2
x

−1

3
µ1A

3 − ν2A2B − ν1AB2 − 1

3
µ2B

3

]
dx ,

P(A,B) =

∫ [
A2 + B2

]
dx .



Resonant interactions between long waves and topography

H1=0.06, H3=0.64, U1=0.041, U2=0.049, V12=0.1, v23=0.73
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Resonant interactions between long waves and topography

H1=0.1, H3=0.3, U0=0, U1=-0.2, U2=0, V12=0.24, v23=0.35
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AITEM for coupled solitary waves (Yang, 2011)
I Let

Λ = [A B]T .

Can write the coupled equations as

Λt = ∂xD[Λ] + ∂xN(Λ),

where D represents a diffusive operator and N represents the
nonlinear and forcing terms.

I Look for steady solution of the form Λ(x + Vt) and
integrating once and assuming |Λ| → 0 and |x | → ∞, then

D{Λ}+ N(Λ)− VΛ = 0.

I Treat this as a nonlinear diffusion equation

Λt = D{Λ}+ N(Λ)− VΛ. (1)

Use implicit–explicit differencing for arbitrary h:

Λ∗ = Λn + h[D{Λ} − c∗Λ]∗ + h[N(Λ)− (V − c∗)Λ]n.



AITEM for coupled solitary waves (Yang, 2011)

I Hence

Λ∗ = Λn +

(
1

h
I −D

)−1

[D{Λ}+ N(Λ)− VΛ]n, . (2)

Let

Λn+1 =

√
Pn

P∗ Λ∗, P∗ = 〈Λ∗,Λ∗〉.

I To calculate V multiply (2) by Λn, sum over domain and
assume Λ∗ = Λn, then

V =
〈M−1[D{Λ}+ N(Λ)]n,Λn〉

〈M−1Λn,Λn〉 .

This is equivalent to assuming

dP

dt
= 0.

I Accelerated convergence then occurs for optimal h.



AITEM for coupled solitary waves (Yang, 2011)

Allows calculation of wave-speed and growth rate:



Unsteady simulations of solitary waves

I Can write unsteady equations in form:

Aτ + ((∆ + 1)A + λ1Axx

+σ1Bxx + µ1A
2 + ν11B

2 + 2ν21AB
)
x

= γ1bx ,

Bτ + ((∆− 1)B + σ2Axx + λ2Bxx

+ν22A
2 + µ2B

2 + 2ν12AB
)
x

= γ2bx ,

and can assume µ1,2 or γ1,2 are arbitrary.

I Unsteady integrations performed using Linearly Implicit RK4
(Calvo et al., 2001).



Case 1: Unforced solitary waves

λ1 = 0.955, λ2 = 0.767, σ1 = −0.005, σ2 = −1.326,

µ1 = µ2 = 3, ν11 = 0.119, ν12 = 31.97, ν21 = 0.131, ν22 = 35,

γ1 = −0.0237, γ2 = −0.8632.
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Case 1: Unforced solitary waves
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Case 1: Unforced solitary waves
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Case 2: Forced solitary waves, b0 = −0.5

λ1 = 1, λ2 = 1, σ1 = .1, σ2 = .1, γ1 = 1, γ2 = −1

µ1 = µ2 = 3, ν11 = 1, ν12 = 1, ν21 = 1, ν22 = 1,
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Case 2: Forced solitary waves, b0 = −0.5
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Case 2: Forced solitary waves, b0 = 0.05

λ1 = 1, λ2 = 1, σ1 = .1, σ2 = .1, γ1 = 1, γ2 = −1

µ1 = µ2 = 3, ν11 = 1, ν12 = 1, ν21 = 1, ν22 = 1,
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Case 2: Forced solitary waves, b0 = 0.05
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Conclusions

I Resonant interactions between topography and wave modes
produce large-amplitude travelling waves.

I Are these significantly different from forced uncoupled modes?
Yet to determine.

I What forms of asymmetric solutions are possible, and where is
three-way coupling maximised?

I What is the effect of critical layers?

I Is there a simple criteria for stability of forced solitary waves?


