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A more detailed look at the linear problem
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A more detailed look at the linear problem
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L(c):=U—-¢c)(02—F)+p+FU-U"

Yy
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We can prove

No eigenvalue ¢ generally exist below —(/F for smooth mean flow U(y)

(e.g. for U bounded, and for convex U"(y) > 0)



Consider piecewise smooth mean flows
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. -

|

° A
-40 -éO O 2‘0 40 -150 -160 -50 O 5‘0 160 150
Y Y
symmetric asymmeftric
_ U_[1—a_exp(b_y)] y<0
U(y) = U[1 — aexp(—bly|)] Uy) =1 ~
Ut [1 = aq exp(—biy)] y>0

0-function singularity



Consider piecewise smooth mean flows
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Derivation of solitary Rossby wave equations

Our aim/wish Ar = pAAx + Mxxx + (Axyy

Zakharov-Kuznetsov equation
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Seek an asymptotic solution of the form
b = €2¢(2) + €3¢(3) 4 €4¢(4) 4.,
with leading-order perturbation stream function
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We are not giving up yet: modified Zakharov-Kuznetsov equation

Ar = k(AAy)x + vA*Ax + Mxxx + (Axyy
X = e(x — cot), Y = ey, T = €t

Seek an asymptotic solution of the form
b= ehM 4 23 4+ Sy ...
with leading-order perturbation stream function

w(n — 14(6(33 o COt)) €Y, ESt) ¢O(y)



We are not giving up yet: modified Zakharov-Kuznetsov equation

Ap = k(AAy)x + VA2 Ax + Mxxx + (Axyy
X =e(x — cot), Y = ey, T = €t

Seek an asymptotic solution of the form
b= epM + 2@ 4 Sy 4 ...
with leading-order perturbation stream function

w(l) — 14(6(3j T COt)) €Y, ESt) qb()(y)

O(€?) : L(co)po =0
O(®) 1 L(co)oxyp® = —2(U — o) Axy ¢y — AAx (dodly’ — dpdy)

P = —ygo(y) Ay (X, Y. T) - %cbz(y)A(X, Y, T)?

where L(co)p2 = ¢ody — dody  with  (¢o, p2) =0



O(e*) :

L(co)0x ') = op A(F — 05)do + 2(U — co) (y¢o) Axyy — (Axxx + Axvy)(U — co) o
+ 0x (AAy ) [2(U — co)ps + y (¢ody — ¢ob0 )]

1
+ AP A (G0 + 20 62 — 20004 — O
Fredholm alternative L*(c)d =0

S Ar = k(AAy)x + VA Ax + Mxxx + CAxyy

k= —(0o, [2(U — co)pa +y (¢ody — P0%5)])
with parameters  , _ _%<907 (Godhy’ + 207 d2 — 2d505 — dpP5])

A = (0o, (U — co) o)
¢ = (0o, (U — co)(¢o — 2 (ygo)") = 0)



O(e*)

L(co)0xp'® = op A(F — 05)do + 2(U — co) (y¢o) Axyy — (Axxx + Axvy)(U — co) o
+ 0x (AAy ) [2(U — co)ps + y (¢ody — ¢ob0 )]

1
+ §A2AX [Gody’ + 260 2 — 20405 — ¢y Pa]
Fredholm alternative L*(c)d =0
= AT — /i(AAy)X -+ VAQAX —+ )\AXXX + C%Y

k= —(0o, [2(U — co)pa +y (¢ody — P0%5)])
with parameters — , _ _%woj (Godhy’ + 207 d2 — 2d505 — dpP5])

A = (0o, (U — co) o)
(= (6o, (U — co)(¢o — 2 (yo)) = 0)



O(e*)

L(co)0xp'® = op A(F — 05)do + 2(U — co) (y¢o) Axyy — (Axxx + Axvy)(U — co) o
+ 0x (AAy ) [2(U — co)ps + y (¢ody — ¢ob0 )]

1
+ S A2 Ax (D00 + 264 62 — 20065 — 6364

Fredholm alternative L*(c)d =0

SIS AT:/f><)X-I-VA Ax-l-)\AXXX‘FC}(

<907[ (U = co)dy +y (dody — ¢od0)])
with parameters = _§<907 [%%// X 2¢g/¢2 B 2¢0¢/2/ B %/%D

A = (0o, (U — co) o)
(= (6o, (U = co)(¢0 — 2 (yo)) = 0)



O(e*)

L(co)0xy®) = drA(F — 52)% +2(U — cy) (yoo) Axyy — (Axxx + Axyy)(U — co)do
+ 3X(AAY)[ (U = co)dh +y (Pody — dpdp)]

b5 A2 Ax (06’ + 2042 — 2640 — 646

Fredholm alternative L*(c)d =0

S Ap = M)X-FV}QX—I-)\AXXX‘FC%

(00, U — el +y (ol — 6600
with patatneters - 20y, (600} + 212 — 26404 — 6% ’2]>

A = (0o, (U — co) o)
(= (6o, (U = co)(¢0 — 2 (yo)) = 0)

13}

. . N =147
For v=0 only numerical evidence

15 symmetric asymmetric

75 8 85 9 95 10 75 8 85 9 95 10
N N



In both cases the dynamics is effectively linear
with zonal dispersion

Ar = Mxxx
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Numerical verification by considering evolution of localised initial conditions
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Summary

* The dynamics of small localised large-scale perturbations in the quasi-

geostrophic potential vorticity equation on unbounded domains is entirely
linear

* with dispersion confined to the zonal direction
Remark: KdV can be derived in meridionally confined domains

Comment: issue of B-plane approximation in meridionally unbounded domain



Summary

The dynamics of small localised large-scale perturbations in the quasi-

geostrophic potential vorticity equation on unbounded domains is entirely
linear

* with dispersion confined to the zonal direction
Remark: KdV can be derived in meridionally confined domains
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Outlook

* what about unbounded domains with a single meridional boundary (e.g the
antarctic circumpolar current)?
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