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Introduction

Ship waves
Overview

Figure: The wake of a boat
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Spectrogram
Overview

Relatively simple to set up

Can analyse the different
frequency components of a wave.

Can be used to measure energy of
a passing wave.

Figure: A LOG aLevel echosounder
mounted on a tripod1.

1T. Torsvik, H. Herrmann, I. Didenkulova & A. Rodin, Analysis of ship wake
transformation in the coastal zone using time-frequency methods. Proc. Est. Acad.
Sci. 64 (2015) 379–388.
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Computing the Spectrogram

For a given signal s(t) a short-time Fourier transform is given by

S(t, ω) =

∞̂

−∞

w(τ − t)s(τ)e−iωτ dτ,

where w(t) is a window function.

Plot log10(|S(t, ω)|2).

Figure: A spectrogram of the measured water level2

2T. Torsvik, T. Soomere, I. Didenkulova, & A. Sheremet, Identification of ship
wake structures by a timefrequency method. J. Fluid Mech. 765 (2015) 229–251.
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Torsvik et al. (2015) spectrogram
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T. Torsvik, T. Soomere, I. Didenkulova, & A. Sheremet, Identification of ship
wake structures by a timefrequency method. J. Fluid Mech. 765 (2015) 229–251.
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The free surface problem

Laplace’s equation

O2Φ = 0 for z < ζ(x, y)

Far-field condition:

(Φx,Φy,Φz)→(1, 0, 0), as z → −∞
(Φx,Φy,Φz)→(1, 0, 0), ζ → 0 as x→ −∞
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The free surface problem

Boundary conditions

Φxζx + Φyζy = Φz on z = ζ(x, y),

1

2
(Φ2

x + Φ2
y + Φ2

z) + ζ + εp(x, y) =
1

2
on z = ζ(x, y),

where
p(x, y) = e−π

2F 4(x2+y2),

and

F =
U√
gL

, ε =
P0

ρU2
.
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Small amplitude waves

The exact linear solution

Linear regime ε� 1 (small amplitude waves)

Exact solution:

ζ(x, y) =− εp(x, y)

+
ε

2π2

π/2ˆ

−π/2

∞̂

0

k2p̃(k, ψ) cos(k[|x| cosψ + y sinψ])

k − k0
dk dψ

− εH(x)

π

π/2ˆ

−π/2

k20 p̃(k0, ψ) sin(k0[x cosψ + y sinψ]) dψ,

where k0 = sec2 ψ.
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Small amplitude waves
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Small amplitude waves

Linear dispersion curve

S

Û

cg

cp

r

ψ

From the diagram, cp = cosψ

For fluid of infinite depth

Ω(k) =
√
k

cp =
Ω(k)

k
=

1√
k

cg =
dΩ

dk
=

1

2
√
k

=
cp
2

Linear dispersion curve parametrised in terms of the ship’s time, ts

(t, ω) =

(
ts +

r

cg
,Ω(k)

)
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Small amplitude waves

Linear dispersion curve

At a given ts we have

r =
√
t2s + y2, ψ = − tan−1

y

ts

Use cp = cosψ to give

k =
t2s + y2

t2s

Finally, we have

(t, ω) =

(
ts − 2

t2s + y2

ts
,−
√
t2s + y2

ts

)
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Small amplitude waves
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Nonlinear ship waves

Deriving an integral equation
using Green’s second identity

Green’s Second Identity
˚

V

(G∇2H −H∇2G)dV =

‹

∂V

(
G
∂H

∂n
−H ∂G

∂n

)
dS

where

G(x∗, y∗, z∗;x, y, z) =
1

4π

1

R
,

R =
√

(x∗ − x)2 + (y∗ − y)2 + (z∗ − z)2.
H(x, y, z) = Φ(x, y, z)− x,
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Nonlinear ship waves

Deriving an integral equation
using Green’s second identity

Green’s Second Identity
˚

V

(G∇2H −H∇2G)dV =

‹

∂V

(
G
∂H

∂n
−H ∂G

∂n

)
dS

where

G(x∗, y∗, z∗;x, y, z) =
1

4π

1

R
,

R =
√

(x∗ − x)2 + (y∗ − y)2 + (z∗ − z)2.
H(x, y, z) = Φ(x, y, z)− x,
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Nonlinear ship waves

Deriving an integral equation
in its full glory

Boundary integral equation:

2π(φ(x, y)− x) =

∞̂

0

∞̂

−∞

(φ(x∗, y∗)− φ(x, y)− x∗ + x)K1 dx∗ dy∗

+

∞̂

0

∞̂

−∞

ζx(x∗, y∗)K2 dx∗ dy∗,

Bernoulli’s equation

1

2

(1 + ζ2x)φ
2
y + (1 + ζ2y)φ

2
x − 2ζxζyφxφy

1 + ζ2x + ζ2y
+ ζ + εp(x, y) =

1

2
, on z = ζ(x, y).
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Nonlinear ship waves

Towards a nonlinear system
applying the discretisation

Create a surface mesh x1, . . . , xN and y1, . . . , yM .

We have 2(N + 1)M non-linear equations

F(u) = 0

that are solved using a preconditioned Jacobian-free
Newton-Krylov method with preconditioner matrix P.

The preconditioner is taken from the linearised system of
equations.3

3R. Pethiyagoda, S. W. McCue, T. J. Moroney & J. M. Back, Jacobian-free
Newton-Krylov methods with GPU acceleration for computing nonlinear ship wave
patterns. J. Comp. Phys. 269,(2014) 297–313.
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Nonlinear ship waves

Stitching method

We achieve large domains through an iterative stitching process
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Figure: A nonlinear solution on a 1625× 551 mesh comprised of six
301× 551 panels.
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Nonlinear ship waves
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Nonlinear ship waves

Second-order dispersion curve

A second order solution4 to the ship wave problem can be given by

ζ+ζ0 =

N∑
n=1

an cosRn+

N∑
r=1

r∑
s=1

{
b′rs+ cos(Rr +Rs) + b′rs− cos(Rr −Rs)

}
,

where ζ0 is the mean fluid height and Rn = kn(x cosψn + y sinψn).

Assume only two waves exist, given by upper (ω1) and lower (ω2)
branches.

The second order dispersion curves, are given by

ω3,4 = 2ω1,2,

ω5,6 = ω1 ± ω2.

4N. Hogben, Nonlinear distortion of the Kelvin ship-wave pattern. J. Fluid Mech.
55 (1972) 513–528.
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Nonlinear ship waves

Second-order dispersion curve
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Figure: The linear (ω1,2) and second-order (ω3,4,5,6) dispersion curves.
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Nonlinear ship waves
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Nonlinear ship waves
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Nonlinear ship waves
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Nonlinear ship waves

Torsvik et al. (2015) spectrogram again
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T. Torsvik, T. Soomere, I. Didenkulova, & A. Sheremet, Identification of ship
wake structures by a timefrequency method. J. Fluid Mech. 765 (2015) 229–251.
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An accelerating ship

An accelerating ship

S

U

cg

cp

r

ψ

From the diagram, cp = U cosψ

For fluid of infinite depth

Ω(k) =
√
k

cp =
Ω(k)

k
=

1√
k

cg =
dΩ

dk
=

1

2
√
k

=
cp
2

Linear dispersion curve parametrised in terms of the ship’s time, ts

(t, ω) =

(
ts +

r

cg
,Ω(k)

)
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An accelerating ship

An accelerating ship
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MarineTraffic AIS Vessel Tracking AIS Positions Maps. Retrieved 26 February
2016, from http://www.marinetraffic.com/en/ais/home/shipid:352956/zoom:10.
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An accelerating ship

An accelerating ship
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Finite depth

Linear dispersion curve

S
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From the diagram, cp = cosψ

For fluid of infinite depth

Ω(k) =

√
k tanh

k

F 2
H

cp =
Ω(k)

k
=

√
tanh k

F 2
H√

k

cg =
dΩ

dk
=

√
tanh k

F 2
H

2
√
k

1 +
2k

F 2
H sinh 2k

F 2
H


Linear dispersion curve parametrised in terms of the ship’s time, ts

(t, ω) =

(
ts +

r

cg
,Ω(k)

)
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Finite depth

Finite depth linear dispersion curve
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Finite depth

FH ≈ 0.583

0 1 2 3 4 5 6
0

0.5

1

1.5

2

2.5

3

t/y

ω

FH ≈ 1.02

0 1 2 3 4 5 6 7 8 9 10
0

1

2

3

4

5

t/y

ω

−1

0

1

2

3

4

FH ≈ 1.31

0 1 2 3 4 5 6 7 8 9 10
0

1

2

3

4

5

t/y

ω

FH ≈ 2.04

0 2 4 6 8 10 12 14 16
0

1

2

3

4

5

6

7

8

t/y

ω



Introduction Small amplitude waves Nonlinear ship waves An accelerating ship Finite depth Conclusion

Conclusion

Conclusion

Spectrograms can be used to analyse the wake components of a ship.

The linear and second order dispersion curves predict the location of
intensity in the spectrogram.

The visible second-order intensities depend on the intensity along the
linear dispersion curve.

The linear dispersion relation cannot predict the distortion of the intensity
away from the dispersion curve.

Acceleration is a possible explanation for the difference between the
experimental spectrogram and the steady linear dispersion curve

The dispersion curve procedure holds for finite depth examples
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